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An approximate solution of a problem of analysis of a system of parallel 

infinite beams on elastic half-space is given. Prior to this, a spatial 

contact problem of the theory of elasticity for a half-space is consider- 

ed, when the contact regions have the forms of parallel strips. The in- 

fluence of one strip-die on another is investigated in relation to their 

separation distance, and to their forms. Conditions were found when such 

influence can be neglected, i.e. when existing theories are applicable 

for such die systems. Analogous calculations were performed for a system 

of beams. 

The work represents an extension of known results in the area of the 

theory of beams on elastic foundations obtained primarily by Gorbunov- 

Dosadov [I], Proktor*, Kuznetsov [zI and Rvachev [3-41. 

1. It is known that a mixed boundary value problem in the theory of 

elasticity for a die pressing on an elastic half-space in the absence of 

friction reduces to the solution of an integral equation 

1 _ Q2 ’ * 
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where v,, and E, are elastic constants of the half-space, s is the area 

of contact; w(x, y, 0) the residue of the boundary points of the half- 

space in the area of contact; p(x, y) the pressure under the die. If the 

contact region is determined by an inequality 
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then, it could be shown, for a system of dies whose surfaces after the 

deformation are represented as 

z = wi (x, y, 0) = bi (h) cos hy (I.3, 

where h is an arbitrary number, and hi(h) = const, that the pressure can 

be determined as follows: 

P (2, Y) = qJ)i (h, 2) cos hY (1.4, 

where lyi (A, x) determines the distribution of the pressure under the ith 

die along its width. 

It has been established, using appropriate calculations, that the 

solution of (1.1) taking into account conditions (1.2), (1.3) and (1.4). 

reduces to the finding in the plane xoz of some function Y(A, X, Z) 

which, everywhere in this plane except perhaps at the segments ai < x <pi. 

z = 0, satisfies the equation 

o,.*Y - h2Y = 0 (4.51 

and the following boundary conditions: 

Y (A, x, 0) = bi @I, if 5 C [ai, PiI 

(1.6) 

Y (1, 2, z) --L 0, when x4 +- z2 ---) 00 

After the function Y is found, the pressure can be determined from 

(1.4)) where function vi(A, x) satisfies 

aw - 
az *=o 

= 2 (ln-ovoz) $09 x), x c IUi, Pi1 (1.7) 

For n = 1, functions Y and 1~. which, for convenience, in this case 

will be denoted by !k and 9, are known, [31, and have the following form: 

(1.8) 0 (h, x, 
e) 3 2 5 I_: l)ino(2i)Fek2i (E, - q) 

Fek,i N - 4) 
Cegi (rl, - T) 

i=o 

q (h, 2) = - (1.9) 

(1 .lU) 

where 21 is the width of a die; cePi(q, - q) and Fek2;(5, - 7) are known 
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tabulated Mathieu functions [51; A2i2 i’ are Fourier coefficients of func- 
tions Ce*i(xt - p), 4 = l/4 12A2: the variables c and q are connected 
with x and z by the formulas x = 1 cos q cash $, z = 1 sin q sinh c; be- 
sides in (1.8) and (1.9). b(A) = 1. 

The contact region is multipli-connected when n > 1 which considerably 
complicates the finding of 1. For the determination of the character- 
ist its, however, related to the stress calculation in the beams, it is 
sufficient to know the average pressures over the widths of the beams. 
Consequently, we formulate the following problem, 

Consider a region in the xoz plane bounded by a contour L = L, + L, + 

. . . t L,. where Li = pi - ai are the segments along the x-axis. Let func- 

tion Y(A, x, Z) be given by (1.8). which satisfies (1.5) in xoz, and on 
oue segment Li satisfies boundary conditions (1.6). It is required to 
determine the function y(h, X, t) which satisfies (1.5) in the same 
region XOZ, and the boundary conditions (1.6) along a whole contour L. 

Using Green’s formula for the functions @(h, I, t) and Y(h, x, z) we 

obtain 

(i.ii) 

Because of (1.5) the left-hand side of (1.11) is zero. After some 

calculations and application of the mean-value theorem for integrals, we 

obtain 

(1.12) 

Satisfying in (1.12) conditions (1.6) imposed on the function ‘p on the 

segments L,, +. . , L,. and taking into account (I. 7). we obtain 

n 

2 at?) \ qi(h, x)dx=bj(Ir) \ q(h, z)dz fi = 9,2, . . . n) (i.K3! 
i=l =i Lj 

where iDi is the value of the function Q, at some interior point of 
segment L i, which depends on what segment Li conditions (1.6) are 
satisfied. 

It can be demonstrated that the function @(A, x, 0) approaches the 
x-axis asymptotically and smoothly (without corner points;). Taking into 
account this fact and the condition (1.6). we obtain 

,I;’ z= b (h) = 1 (i z-2 ;), (0 (h. 3;. U) ; cI)!i) > (1) (h L , t Bi. 01 (1 :#= j) (i.l4: 
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The integrals 

(1.13) determine 
n > 1 and n = 1, 
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on the left- and right-hand of the system of equations 

the average pressures over the widths of the beams for 

respectively. The first of these integrals are unknown, 
and the second, using (1.9), are found from the formulas 

(2.15) 

The formulas for the average pressures for some special cases are as 

follows: 

(1) symmetrical problem for two dies 

c .Il,(h. x)dc :z 
b, 2 (h) 

II,& x)dx= - 
1 _t_ ql’ L* q (L 2) dx s 

L, L2 

(l.lf;j 

(2) for a system of identical dies and for like settlements 

b, 3(h) 
I ,I i i ) 

$(a, x)dx= +(h, x)dx=+- s s 62 (h) aq’ 
v(L x)dx- 8 s cp (L x) dx 

L1 12% LT.3 L* 

5 
11, (h, x) dx = 

(1 _1- a)!$ b2 (I.) 

s 

‘q%,,,(h) 

0 cP(L JJdX- 0 s ‘P (h, x) dx (1.H) 
L2 LZ L1,3 

(3) for a system of infinitely many, identical, identically loaded, 

and equally spaced dies (periodic problem): 

where j is an arbitrary fixed index. 

The right-hand sides of (1.16) to (1.19) contain unknown quantities 
@,(j) 

1 which, however, satisfy (1.14). Using these conditions the corre- 

sponding inequality can be obtained for the average Pressures. 

It can be shown that in the periodical case, as well as in the sym- 

metrical case for two dies, the following inequalities are true: 

The inequalities (1.20) permit us to narrow considerably the approximat- 

ing range, which contains the values of the average pressures. These in- 

equalities for the case of two dies are 
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(1.21) 

and for the periodic case 

n2EiJb (h) 60 (II) [ 

> 1 9% x)dx> 
+m (I, (A, ai, 0) + @ (a, Pi* 

n2Eob (h) 60 WI ( 2 0) 
2 

i=-_co 

i 
-l 

(1.22) 

Lk 

In the Table the limits of the per cent errors are given, which occur 

when a true value of an average pressure is replaced by one of the ex- 

Case 

(1) 
(1.21) 

(,?I 
(l .22) 

- 

I ih 
- 

- 

treme values of the inequality as a 

function of the values 2h = 0, 1, 

TABLE . . . . 51, of the separation between 
* . .._---- 

%-_+ i2+++ 
the dies and parameter lh which de- 

termines the form of the die base. If, 

- for instance, we take 21 = 2 then the 

21 4 2 1 0 0 rows of the Table corresponding to 
32 3 i () o (’ the values ih = 0.5, will correspond 

32 7 5 2 1 0 to the change of the die base along 
57 7 zict 0 0 its length determined by the expres- 

sion 0 = b cos l/2 y. Such dies 

practically do not exert any in- 

fluence upon each other for 2h > 41 in the case of two dies, and for 

2h > 51 in the case of a periodic problem, 

The problem of the determination of an average pressure can be solved 

exactly if 2h = 0. For, considering n dies touching each other as one die 

of width 2Zn, we can determine the function gr(h, x) from (1.9). 

Then, clearly, the average pressure over the width of the ith die is 

expressed by 

2. The results obtained in Section 1 can be used for the solution of 

the problem of a system of infinite parallel beams on elastic foundation. 

The problem is solved with the following assumptions: 
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(1) the contact region of the beams and elastic half-space is deter- 

mined from (1.2), 

(2) friction is absent between the beams and the foundation, 

(3) the deformations of initially plane beams vary only along the 

length of the beams, and remain unchanged (straight) over the widths of 

the beams, 

(4) the deformation of each beam is determined from the deformation 

of its center line. 

Let vi(y) be the deformation of a beam, qi(y) the vertical load, ri(y) 

the foundation reaction per unit length of a beam, Ei Young’s modulus, 

Ji the moment of inertia of a cross-section of a beam about its axis 

parallel to Ox and passing through the centroid of this cross-section. In 

this case the known equations for the deformation for each of n beams 

J.F. !Iv) (y) z q. (J) - ,.. (y) * Jltol I1 , (i = 1,. . ) n) (2.1) 

are satisfied by putting 

4i (Y) = ai (a) COS AY, wi (y) = b,(h) cos ?uy, ri (y) := ci ((h) cos hy 

where ai( hi(A) and ci(h) are constants related by 

JiEibi (h) ha = ai (h) - ci (h) (i=l,...,n) (2.“) 

For the solution of the problem, the system (2.2) containing 2n un- 

knowns hi(h) and ci(h) is not sufficient. The system of equations (1.13) 

constitutes additional conditions. Indeed, because of the assumptions 

made, to the settlement of 3 beam of the form (1.3) there must correspond 

3 pressure in the contact region in the form expressed in (1.4). where 

yli(h, x) is an unknown function. The reaction per unit length for each 

beam is 

ri (y) := - \ p (x, y) dx = - (a, J) dx cm hy := ci (h) cos h!y ,x.:4 I ) 
1:. L 1 

Hence 

ci (h) = - s I& (h, I) dx 

I.. 
z 

Putting the found values of ci(h) in (2.2) we obtain 

.IiEibi (h) k“ mm- ai (h) + s I& (h, cc) dlc (i = 1, . . ( /L) 
7 

(2.4, 
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Eliminating, finally, from (1.13) and (2.4) the integrals (1.23), we 

obtain a system of n equations for hi(A) 

~ .I” ~JiEibi (h) ~4- ai (h)] = bj (h) S ~ (~, Z) d3: (; = 1, . . . , n) (3.5) 

i=l L.i 

The integrals on the right-hand side in (2.5) are expressed by (1.15). 

Solving (2.5) we find gi(h), and thus the deflections of the axes of the 

beams: 

where iVi( ” (A, a,(j) ) are known 

Expressing an arbitrary load 

(2.6) in the following form: 

(2.6) 

functions. 

by Fourier series, we can write down 

W 

IL’* (y) = f i i iq) (h, a(“‘) dh \ qi (t) cos h (y - t) dt (2.7) 
u i -1 0 --00 

It is easy to verify that when the distance between the beams 2h - a, 

Formula (2.7) .is reduced to a corresponding 

expression of the deflection for a single 

beam, found by Rvachev. [3]: 

(A 3) 

q (t) cos h (y - t) dt 

where 

For the case of a symmetrical problem for 

two beams and for infinitely many identical 

beams, similarly loaded and equally spaced 

(periodic problem) the necessity to index 

various quantities vanishes. The deflection 

formulas in both cases have the same form 

as (2.8), except for the expression R. For the problem of two beams and 
periodic problem this function is 

where j is an arbitrary fixed index. 
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On the basis of (1.20) we may obtain for the functions Rz and %, 

These inequalities permit the investigation of a problem of the inter- 

action of beams of a system depending on the value of 2h. The figure 

shows the plot of the inequality (2.10). As it could be seen from this 

figure the curves corresponding to the bounds, and consequently, the 

curve of the function R,, are closer to BI with increasing distance be- 

tween the beams. For 2h > 41 the plots of R2 and R, practically coincide. 

Thus, each beam can be considered independently from another. 

In a symmetrical case for three identical and equally loaded beams the 

deflection curvea have the following form: (2.12) 

co Rs [R3h3 + (1 + m,(1) -i- a*(“) R] dh ‘;” 

52.3 (!I) = $E \ @(A) a 
q (t) cos h (y - t) dt 

0 -cc 

Here k - 2 for vZ and k = 2 for IDI and v3 

Using (1.14) for Rg we can obtain a corresponding inequality which 

permits us to approximate the deflections, and to investigate the inter- 

action of beams. 
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