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An approximate solution of a problem of analysis of a system of parallel
infinite beams on elastic half-space is given, Prior to this, a spatial
contact problem of the theory of elasticity for a half-space is consider-
ed, when the contact regions have the forms of parallel strips. The in-
fluence of one strip-die on another is investigated in relation to their
separation distance, and to their forms. Conditions were found when such
influence can be neglected, i.e. when existing theories are applicable
for such die systems. Analogous calculations were performed for a system
of beams.

The work represents an extension of known results in the area of the
theory of beams on elastic foundations obtained primarily by Gorbunov-
Posadov [1], Proktor*, Kuznetsov [2] and Rvachev [3-4].

1. It is known that a mixed boundary value problem in the theory of
elasticity for a die pressing on an elastic half-space in the absence of
friction reduces to the solution of an integral equation

w(xr, y, 0) == — (1.4,
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where Vo and E0 are elastic constants of the half-space, s is the area
of contact;, w(x, y, 0) the residue of the boundary points of the half-

space in the area of contact; p(x, y) the pressure under the die. If the
contact region is determined by an inequality

4 <z<B;  (E=1,...,n), — oo Ly< + oo 1.2)
* Proktor, G.E., On the bending of beams on elastic foundation without

the Winkler-Zimmerman hypothesis. Dissertation. A short resume of the
dissertation given in [2].
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then, it could be shown, for a system of dies whose surfaces after the
deformation are represented as

z=w;(z, ¥, 0) = b, (M) cos Ay (1.3)

where A is an arbitrary number, and bi(K) = const, that the pressure can
be determined as follows:

Pz, y) =19; (A, ) cos by (1.4

where wi(h, x) determines the distribution of the pressure under the ith
die aiong its width.

It has been established, using appropriate calculations, that the
solution of (1.1) taking into account conditions (1.2), (1.3) and (1.4),
reduces to the finding in the plane xoz of some function Y(A, =z, 2)
which, everywhere in this plane except perhaps at the segments o< x <P
z = 0, satisfies the equation

VLY — MY =0 (1.5

and the following boundary conditions:

Y,z 0)=5bR), if =zCl[a; B;]
oY
S| =0, if s&la, By (1.6)

z=0

¥ (A, z, 2) >0, when 2%+ 2% o0

After the function Y is found, the pressure can be determined from
(1.4), where function wi(k, x) satisfies

ov
0z

_2(1—w?) . B, 7
T T ), 2 C e, By (.7)

For n = 1, functions Y and p, which, for convenience, in this case
will be denoted by D and ¢, are known, [3}, and have the following form:
— 1)1 4, Fek,, (£, — ¢)

Fekgi L, —q)

O, z,z2)=2 2(

=0
o
Ey N's . -
— oy ([A) COs 2V cos
A—v)VE—z = °
{O‘ AO(Zi)A?L?i) Fekzi (0, _q)

‘ B
ft Fek,; (0, —q)

cey; (M, — ) (1.8)

-

1

@k, )= — % (1.9)

8, (1) = (— 1) (1.10)

where 21! is the width of a die; ce, (N, - ¢) and Fekgi(§, — 7) are Kknown
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tabulated Mathieu functions [5]; 4 52‘) are Fourier coefficients of func-
tions cey;(x, — @), ¢ = 1/4 1 Az' the variables § and n are connected
with x and z by the formulas z = I cos 1} cosh §, z = Il sin 7 sinh §; Be-

sides in (1.8) and (1.9), B&(A) 1,

The contact region is multipli-connected when n > 1 which considerably
complicates the finding of Y. For the determination of the character-
istics, however, related to the stress calculation in the beams, it is
sufficient to know the average pressures over the widths of the beanms.
Consequently, we formulate the following problem.

Consider a region in the xoz plane bounded by a contour L = L1 + L2 +
+ Ln, where Li = Bi - a; are the segments along the x-axis. Let func-
tion Y(A, xz, z) be given by (1.8), which satisfies (1.5) in xo0z, and on
one segment L satisfies boundary conditions (1.6). It is required to
determine the function ¥(A, x, z) which satisfies (1.5) in the same
region xoz, and the boundary conditions (1.6) along a whole contour L.

Using Green’s formula for the functions O(A, x, 2) and Y(A, x, z) we
obtain

v o0

2 — —_
S\(mv Y — ¥ V,20)ds = E(ma ‘I’az)
I

dL (1.11)
Because of (1.5) the left-hand side of (1.11) is zero. After some
calculations and application of the mean-value theorem for integrals, we

obtain

n

thg awd

g y 90 6‘” dr (1.12)
fa=] 1

1L,

||M=

i

Satisfying in (1.12) conditions (1.6) imposed on the function ¢ on the

segments Ll, ey L”, and taking into account (1.7), we obtain

Z o S P; (A, 2) dz = b, () S @}, x)dx G=12..... ny (143
i=1 Lj'
where ®i(j) is the value of the function ¢ at some interior point of
segment Li' which depends on what segment Lj conditions (1.6) are
satisfied.

It can be demonstrated that the function ®(A, x, 0) approaches the
x-axis asymptotically and smoothly (without corner points). Taking into
account this fact and the condition (1.6), we obtain

O =b) =1 (i=[), ORh oo O>OPSOR, B0 (£ (114
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The integrals on the left- and right-hand of the system of equations
(1.13) determine the average pressures over the widths of the beams for
n>1and n =1, respectively. The first of these integrals are unknown,
and the second, using (1.9), are found from the formulas

ke
S 9 (A, x)dx:_mao(zjx) (1.15)

The formulas for the average pressures for some special cases are as
follows:

(1) symmetrical problem for two dies

b, o (A) S
@ (A, ) dx (L.16)

&\P(}\. xyde = g\p(l., z)dr = —1_-}———75;_]51_1

1 Lz
(2) for a system of identical dies and for 1like settlements
(1.1

by 5 (M) ba () DY
Klp(l,x)dnglp(l, x) dx = 1':’{; S q)(}»,x)dx—i(_}%__lgcp(k,x)dx
Ly Ls Lis L,
(14 0Py by (1) 203, . (M) S
w(k,x)dz:::A——“~7§——~——' m(k,x}dx———~——€r—~—— @ (A, z)dzx (1.18)
L, L, L1,3

— 1) O @
8 =1+l — 200 0f

(3) for a system of infinitely many, identical, identically loaded,
and equally spaced dies (periodic problem):

[ee]

S PR, z)dz=b(}) & 9 (A, x)dx/ > o TREr

Ly L) j=— 00
where j is an arbitrary fixed index.

The right-hand sides of (1.16) to (1.19) contain unknown quantities
mi(J) which, however, satisfy (1.14). Using these conditions the corre-
sponding inequality can be obtained for the average pressures.

It can be shown that in the periodical case, as well as in the sym-
metrical case for two dies, the following inequalities are true:

Yo [D (A, a, 0) - D (A, By 0] 0P > @ (A, 12 {o; - B3], 0) (.20

The inequalities (1.20) permit us to narrow considerably the approximat-
ing range, which contains the values of the average pressures. These in-
equalities for the case of two dies are
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T2Eb (M) 8 (IA)
ATV U T O, Yol - BiLOY — (1.21)
72Egh (M) & (IM) .
> S Yk D) de > I T T [0 (0, a;, 0) + @ (A, B;, O} (i=1,2)

Liz

and for the periodic case

+o0 _
anob(x)ao(zx)[ D m(x,"iﬂz‘fﬁ,o)] 'S
1==--00 +°° _
> Stb(x, z) de > m2Eqb (M) 8 (zx)( M ® 0 % 0)":@(’”’ ol 0)) ! (1.22)

L k i=—00

In the Table the limits of the per cent errors are given, which occur
when a true value of an average pressure is replaced by one of the ex-
treme values of the inequality as a
function of the values 2h = 0, I,

TABLF ..., 5l, of the separation between
S the dies and parameter IA which de~
Case | in | 2h=0 |1 20|30 |4 |5 terpines the form of the die base. If,

for instance, we take 21 = 2 then the

1) J 0.5 21 4 12111010 rows of the Table corresponding to
@2 v i.0) 32 1311103010 4+he values IA = 0.5, will correspond
N { 05) 32 715121110 to the change of the die base along

(1.22) 107 57 1712101010

its length determined by the expres-
sion v = b cos 1/2 y. Such dies
practically do not exert any in-
fluence upon each other for 2h = 4l in the case of two dies, and for

2h > 51 in the case of a periodic problen,

The problem of the determination of an average pressure can be solved
exactly if 2k = 0. For, considering n dies touching each other as one die
of width 21n, we can determine the function (A, x) from {1.9).

Then, clearly, the average pressure over the width of the ith die is
expressed by

S ¢ (A, z)dx (.23

L'I.

2. The results obtained in Section 1 can be used for the solution of
the problem of a system of infinite parallel beams on elastic foundation.
The problem is solved with the following assumptions:
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(1) the contact region of the beams and elastic half-space is deter-
mined from (1.2),

(2) friction is absent between the beams and the foundation,

(3) the deformations of initially plane beams vary only along the
length of the beams, and remain unchanged (straight) over the widths of
the beanms,

(4) the deformation of each beam is determined from the deformation
of its center line.

Let wi(y) be the deformation of a beam, qi(y) the vertical load, ri(y)
the foundation reaction per unit length of a beanm, Ei Young’ s modulus,
Ji the moment of inertia of a cross-section of a beam about its axis
parallel to Ox and passing through the centroid of this cross-section. In
this case the known equations for the deformation for each of n beams
JEw™) (y) = g; () — r; (%) (i=1,...,n (2.1)

171

are satisfied by putting
9; (W) = a; (MY cos Ay,  w; (y) = b; (M) cos Ay, ri (y) = ¢; ((A) cos by
where ai(A), bi(A) and ci(h) are constants related by

JEb (M At = a; (M) —¢; (A) (i=1,...,n) (2.2)

111

For the solution of the problem, the system (2.2) containing 2n un-
knowns bi(h) and ci(A) is not sufficient. The system of equations (1.13)
constitutes additional conditions. Indeed, because of the assumptions
made, to the settliement of a beam of the form (1.3) there must correspond
a pressure in the contact region in the form expressed in (1.4), where
wi(k, x) is an unknown function. The reaction per unit length for each
beam is

ro(y) = — \ p(r, y)dr = — ) P, (A, ¥) dx cos Ay = ¢; (A) cos Ay (2.4)

L; L1

Hence

¢; (A) = — S P, (A, x)dx

L;

Putting the found values of ci(h) in (2.2) we obtain

[
o
-

Jm%mw:%m+5%mwwx (i=1,....n) (2.

T
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Eliminating, finally, from (1.13) and (2.4) the integrals (1l.23), we
obtain a system of n equations for bi(A)

n
SO0 (T,E;py () M — a; (M) = by (A) S @A, 7)dz G=1,...,n) (2.5
i=1 L;

The integrals on the right-hand side in (2.5) are expressed by (1.15).

Solving (2.5) we find ﬁi(h), and thus the deflections of the axes of the
beams:

n
we () = 3 NF 0, o) g, (1) (2.6)

i=

where Ni(k)(l, @i(j)) are known functions.

Expressing an arbitrary load by Fourier series, we can write down
(2.6) in the following form:

o

[o.9]
1 : , ‘ :
w (y) =7 ) S N 3, oFy an \ g; () cos & (y — 1) dt (2.7)
. -—foo

=1 O

-

It is easy to verify that when the distance between the beams 2h — o,
Formula (2.7) .is reduced to a corresponding

4 > T expression of the deflection for a single
‘ | L beam, found by Rvachev, [3]-
0 L] P
e ® ® (43
g 1 Rydh
/ I w(y) == TIWJE "_—'——x (}\.a[{l-—f-lA) q(t) cos ;\'(y**—t)dl

" —

%

where

R _;i?\'_ _.__EEL_._‘
17 8o (IR TIEA vg@

For the case of a symmetrical problem for
two beams and for infinitely many identical
I beams, similarly loaded and equally spaced

b4 48 1.2 7/# (periodic problem) the necessity to index

various quantities vanishes. The deflection

formulas in both cases have the same form
as (2.8), except for the expression R. For the problem of two beams and
periodic problem this function is

oo
Ry=Ry(L-- 0, Ry -k D o 2.9

P

where j is an arbitrary fixed index.
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On the basis of (1.20) we may obtain for the functions R, and R,

@ (A, a;, 0) - DA, B, 0 : A B
RI[H- (. @ )2 .8 )]>R2>H1[1+CD<7»,~——2——E.U)J (2.10)
RS O G, 0)1“1)(’“' B O k>R N m(x,“ifg’i,o) @2.41)

i=—o00 Frm—O0 ~

These inequalities permit the investigation of a problem of the inter-
action of beams of a system depending on the value of 2h. The figure
shows the plot of the inequality (2.10). As it could be seen from this
figure the curves corresponding to the bounds, and consequently, the
curve of the function R,, are closer to Bl with increasing distance be-
tween the beams. For 2h > 41 the plots of Rz and B1 practically coincide.
Thus, each beam can be considered independently from another.

In a symmetrical case for three identical and equally loaded beams the

deflection curves have the following form: (2.42)
1§ Rs[Rd3 + (1 @0 4 @, W) apan "
V103 = TE S 800 \ g(t)cosh (y—1)dt
1} ~— 00

Here k = 2 for w, and k = B for w, and v,

O (A) = A [RAE -+ 2+ ©,Y) Ryh3A - A2 (1 - 0 - 20, 03] (2.13)
— ) s 2
Ry= R (1 + @V — 20 (1%
Using (1.14) for R3 we can obtain a corresponding inequality which
permits us to approximate the deflections, and to investigate the inter-
action of beams.
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